The problem of two-dimensional, steady, nonlinear flow of an incompressible, viscous fluid between two parallel permeable disks is studied using the computer-extended series solution (CESS). The limitation of the classical regular perturbation technique (RPT) in solving this problem is highlighted and the CESS method in conjunction with Padé approximation is advocated to analyze the problem for much larger values of suction/injection Reynolds number R and to achieve higher accuracy. The skin-friction coefficient and coefficient of pressure distribution are evaluated for different values of R. The advantages of using CESS method over the RPT and numerical technique are discussed.
Introduction
Many of the fluid mechanical problems of practical interest, which involve the boundary layer approximation, are solved analytically using a similarity transformation wherein the partial differential equations governing the two-dimensional flows are transformed to ordinary differential equations (ODEs). In the event of having to deal with nonlinear ODEs, there is no general analytical method of solving them except in some trivial cases. They have to be tackled on a one-to-one basis. Series solutions or perturbation solutions are normally resorted to in such situations, which suffer from the possibility of slow convergence, if not divergence. Quite a restrictive radius of convergence (ROC) might also pose impediments, if one is solving a problem with the intention of extracting as many features of the problem as possible. This warrants the need for methods of stretching the ROC of perturbation series with the aid of semi-analytical and semi-numerical methods. Such an analytical continuation of solution can be achieved using a computer-extended series solution (CESS). In the absence of such a method, we will have to seek refuge in number crunching resulting from numerical methods. In a numerical method, we usually miss the physical process involved at each stage. To overcome this we have to precede up to a certain point analytically and then resort to numerical computation to get the final results to a desired accuracy. In view of this, we have to embark on an analytically ambitious program of stretching the ROC seeking the help of rational approximations implemented on a computer system.
The study of nonlinear laminar flow between permeable disks with/without uniform suction/injection has been extensively investigated both experimentally and theoretically in view of its importance in science, engineering, and technology (see Rudraiah [1, 2] and Rudraiah and Chandrashekar [3] [4] [5] [6] ). The configuration is a prototype model for transpiration cooling, boundary layer control, thrust bearing, radial and gaseous diffusion, lubrication technology, filtration, and intracorporeal or extracorporeal biomechanical applications.
The problem of nonlinear laminar flow between permeable disks with uniform suction/injection was first studied by Berman [7] using a regular perturbation method valid for small Reynolds number. Later, Sellars [8] and Yuan [9] studied the problem for large suction and large injection, respectively, and obtained an analytical solution. Yuan et al. [10] and White et al. [11] obtained the solution for flow in a circular pipe and channel for small and large suction/injection wall Reynolds numbers, respectively. Elkouh [12, 13] studied this problem for velocity, skin friction, and pressure coefficient and presented a second-order analytical perturbation solution valid for small values of Reynolds number (R). Rudraiah [1, 2] and Rudraiah and Chandrashekar [3] [4] [5] [6] obtained an analytical solution for the nonlinear laminar flow between permeable disks with/without external constraints of rotation and/or magnetic field for small/large values of perturbation parameter R. Terrill [14, 15] , Robinson [16] , and Skalak and Wang [17] studied the same problem numerically as well as by an asymptotic analysis valid for large Reynolds number. These asymptotic methods have the limitation of convergence of the solution as well as the accuracy of the results. Therefore, to overcome these limitations computer extension of a perturbation series solution in fluid mechanical problems has been considered by many authors [18] [19] [20] [21] [22] [23] [24] [25] . In general, this technique consists of three steps. First, form a perturbation series solution to the physical problem for small parameter R. A modern computer makes it possible to obtain solutions involving dozens or even hundreds of terms, which contain sufficient information about the analytical structure of the solution. Second, analyze the singularity of the perturbation series solution using Domb-Sykes plot (see Domb and Sykes [26] ). Finally, recast the series to obtain an analytical expression for the solution. In the second and third steps, one may use Euler transformation, modified Euler transformation, Padé approximation, and some special transformations (see Bender and Orszag [27] and Pozzi [28] ) to improve the ROC and the accuracy of the solution. We note that the solutions obtained by Rudraiah and Chandrashekar [3] [4] [5] [6] for nonlinear laminar flow between permeable disks using both regular and singular perturbation technique also suffer the same deficiencies of convergence of the solutions and accuracy of the results. These deficiencies are overcome in the present paper using the class of CESS.
The objective of this paper is therefore to use CESS to study the velocity distribution, skin friction, and pressure coefficient between two parallel, circular, permeable disks with the aim of overcoming the deficiency in the perturbation solution of Rudraiah and Chandrashekar [3] [4] [5] [6] . To achieve this aim, the plan of this paper is as follows. In Section 2, the mathematical formulation is described. Method of solution as well as quantities of industrial relevance such as skin friction and pressure distribution are obtained in Section 3. Solutions obtained in Section 3 are improved in Section 4 using Padé approximations. The results are discussed in Section 5.
Mathematical formulation
To derive the required equation, we consider a steady, two-dimensional, axisymmetric, nonlinear flow of an incompressible fluid between parallel, circular, permeable disks. The r-and z-coordinate axes are taken parallel (passing through the center of the disk) and perpendicular to the permeable disks (see Figure 1) .
The physical problem consists of two stationary permeable disks of radius α between which an incompressible fluid extending beyond r = ±α is confined at the planes z = ±h. We assume narrow gap approximation namely that the spacing between the disks is very small compared to the radius of the disks and hence the edge effects are neglected. The fluid is extracted/injected at both the permeable disks uniformly and due to which a flow is induced. Hence, the flow under consideration is entirely the result of uniform suction/injection. In Figure 1 , one can get either suction or injection case by suitably changing the sign of U o . Let u r and u z be the velocity components at any point in r-and z-directions, respectively. For the above physical configuration, and underlying assumptions: (i) the fluid is incompressible, (ii) the flow is assumed to be nonlinear and axisymmetric, (iii) no external constraints such as magnetic field and/or coriolis force act on the fluid, the required basic equations are the continuity equation and the Navier-Stokes equations, which in the cylindrical polar coordinates take the form
where, p is the pressure, υ = µ/ρ the kinematic viscosity of the fluid, µ the coefficient of viscosity, ρ the density, and λ = z/h. The chosen coordinate axes is such that the region of interest can be defined by
The boundary conditions on u r and u z are the no-slip conditions u r (r, ±h) = 0 and u z (r, ±h) = AU o = constant,
where A = 1, for suction at the disks −1, for injection at the disks.
We introduce a stream function (see Elkouh [12] ),
by virtue of which the velocity components u r and u z are given by
and
Substituting (7) and (8) into (2) and (3), we get
Because the left-hand side of (10) is a function of λ only, it follows that
Hence, (9) using (11), and performing the differentiation and rearranging, we get
where R = U o h/υ is the suction/injection Reynolds number. The corresponding boundary conditions on f can be obtained from (4) using (6) as
We note that (12) is a nonlinear ODE and hence no general method of finding an exact solution is possible except in some trivial cases. To solve such a highly nonlinear ODE an analytical method based on regular and singular perturbation techniques is usually employed. The other alternative is to find numerical solutions without any approximate on the parameter. The regular perturbation technique (RPT) is used when the perturbation parameter is quite small. The other methods are laborious and of doubtful validity for finite values of the parameter R. A solution for finite R can be determined using a numerical method, but it suffers the deficiency of understanding the physics of the problem. Further, often numerical methods become expensive for the lack of convergence. In that case the most appropriate technique, to take into effect of arbitrary value of R, is to extend the range of validity of the perturbation solution, using CESS method. This CESS technique also takes care of the singularity (its location and nature) restriction and overcomes the restriction of the convergence imposed by perturbation series. The CESS procedure determines this restriction using Domb-Syke plot, and also makes use of modified Euler or Padè approximations to increase the region of validity of perturbation series. This paper explains how to overcome the difficulties posed by perturbation and numerical techniques, as explained above, using CESS method.
Method of solution
We start with finding the solution of (12) in the form of a power series of the form
for small R.
Substituting (15) into (12) and comparing the order of R on both sides of the equation, the nonlinear equation will be reduced to a system of linear equations of the form:
In general, for nth order, we get
The corresponding boundary conditions for different orders are given by
where δ on is the Dirac delta function, such that δ mn = 1 for n = m, 0 for n = m . Solving (16) for n = 0, 1, 2 with the corresponding boundary conditions obtained from (17), we get For Suction case (A = 1)
For Injection case (A = −1)
,
Classical perturbation solutions given above suffer from slow convergence. Even after painful labor and also for large value of the perturbation parameter, second and third approximations that one normally goes up to may not be sufficient to get a true solution to the problem. It is essential, therefore, to generate higher approximations, if the solution has to reveal the true nature of the function represented by it. This involves cumbersome algebra. This is overcome by using the computer in taking as many terms as possible in the perturbation solution.
Up to this point, it is the classical perturbation approach of going in for as many terms in (15) as are required for the solution to be valid. The order up to which we have to go depends on the value of R for which the solution is required and the decision about the convergence of the classical approach depends upon the comparison of successive partial sums
We stop at a particular partial sum S n if,
By the very nature of the regular perturbation procedure as used in classical problems, the perturbation parameter R has to be quite small. This is quite restrictive from the point of view of practical problems and hence it is imperative to resort to CESS for large R. Also, the slow convergence of the series restricts the usefulness of the procedure. In the CESS method, explained in the next section, a large number of terms are calculated and it enables to accelerate convergence of the series.
Computer-extended series solution
Following Van Dyke [19] , a systematic, computer-assisted series-expansion scheme is used with polynomial coefficients, which is quite useful and efficient in the calculation of higher-order approximations ensuring in the process the validity of the results. The form of the polynomial solutions (18) and (19) and the nature of the boundary conditions (17) suggest the general form of f n (λ) (n ≥ 3) to be of the form
where A (n,k) 's are universal coefficients, which can be obtained using recurrence relation substituting (21) into (12) and equating the coefficients of various powers of λ on both sides, we get the following recurrence relation. The recurrence relation enables us to find the f i 's for i ≥ 3 with the help of a computer. In general, the universal coefficient A (n,k) is generated in the following form:
Here P i (i = 1-5) are computed using basic solution (i.e., zeroth-order solutions) for suction (A = 1) as well as injection (A = −1). For higher-order solution we note that P i 's (i ≥ 6) are the same the both A = ±1. These values are given below.
For Suction case (A = 1), we have
For Injection case (A = −1), we have
For both Suction and Injection (A = ±1) computed using higher-order solutions explained above, we have the same expressions given by (23) and (24) and for P i (i ≥ 6) we have
By making use of the above recurrence relation (22) , a Fortran program is used for calculating the universal coefficient A (n,k) . Using this program, we can theoretically go up to any order in the series solution (15) . To appreciate the complexity in the above procedure, we note that for 20 terms in the perturbation solution the number of universal coefficients required to be calculated are 860! We note that these coefficients can also be generated using Mathematica.
Up to this point we have obtained f n (λ) using which we can obtain the expressions for radial and axial velocity components in the nondimensional form as
where r * = r /α is the nondimensional radial coordinate.
Axial Velocity:
Having obtained the velocity components we now obtain expressions for skin friction and pressure distribution in the next sections, i.e., Sections 3.2 and 3.3.
Skin friction
In many practical problems cited earlier, it is useful to compute skin friction, which will help to know the effect of boundary layer on the flow.
The shear stress at the disks is
The skin-friction coefficient (C f ) is defined as
. This, using (26), becomes
This C f is numerically computed for different values of R using RPT and the results are discussed in Section 5.
Pressure distribution
The expression for pressure distribution (C p ) can be obtained by multiplying (9) by h 2 /υ and rewriting the resulting equation, we get
Using (12), we can compute ∂ p ∂r and obtain
where B is a constant of integration. From (10), the expression for
Integrating (31) and (32) and using the boundary condition f (1) = 0 and f (1) = 1, we get The nondimensional pressure coefficient in z-direction is given by
Equation (34) is an expression for coefficient of pressure distribution for both suction and injection cases. In Section 3 we tried to include as high an approximation as possible in the perturbation solution. The following Table 1 gives us an idea on the dependence of the order on the magnitude of R.
It is apparent from Table 1 that merely going for a higher-order perturbation solution does not yield the desired accuracy because convergence of the solution (15) is assured only for R < 9. In other words, the ROC is 9 for this solution. If one needs a convergent solution for R ≥ 9, then either the ROC of (15) needs to be increased, by some means, or another series solution should be developed which will ensure convergence for R ≥ 9. In this paper, we adopt the former approach en route to achieving enhanced ROC in the coefficient of skin friction. We go up to n = 20 in (15) and obtain the coefficient of skin friction and the same is given in Table 2 for different values of R (for λ = 1) using CESS. From Table 2 , we observe that f 0 (λ), f 1 (λ), f 2 (λ), f 3 (λ), . . . form a monotonically decreasing sequence. Using the computed coefficients from the Domb-Sykes plot (see Figure 2) , dimensionless skin friction values have been plotted to find the nature of the nearest singularity, which restricts the convergence of the series. In this case, the singularity is found to be in the complex plane [18] . After extrapolation, the ROC of the series (29) is found to be R 0 ∼ = 9.0909 with an error of 10 −5 (see Press et al. [29] ). To increase the region of validity of the series, we adopt the Padé approximation [27] in the next section as discussed earlier.
Analysis and improvement of the series using Padé approximation
From Table 2 , we observe that the coefficients f i are irregular in sign pattern. This indicates that the ROC is in the complex plane [18, 27] . It is therefore feasible to use Padé approximation to increase the region of validity of the series. The basic idea of Padé summation is to replace a power series where we choose q o = 1 without the loss of generality. We determine the 
The coefficients d n are determined by expanding the terminated continued fraction F N (R) in a Taylor series and comparing with those of the power series to be summed. An efficient procedure for calculating the coefficients d n of the continued fraction (E) may be derived from the algebraic identities of Bender and Orszag [27] . In contrast to representations by power series, continued fraction representations may converge in regions that contain isolated singularities of the function to be represented, and in many cases convergence is accelerated. Based on these d n , we get terminating continued fractions of various orders from the algorithms discussed by Bender and Orszag [27] .
Padé approximants perform an analytic continuation of the series outside its ROC. This can approximate poles by zeros of the denominator. With branch points it extracts a single-valued function by inserting branch cuts, which it simulates by lines of alternating poles and zeros.
Results and discussion
The nonlinear Navier-Stokes equation has been solved for the two-dimensional flow of a viscous incompressible fluid between circular permeable disks using CESS. The motion of the fluid is governed by a fourth-order nonlinear ODE (12) with boundary conditions (13) and (14) . The series expansion scheme with polynomial coefficients as given in (18), (19) , and (21) enables us to write a recurrence relation (22) to obtain higher-order equations.
The coefficients of skin friction and pressure distributions are calculated accurately to 10 −5 accuracy by making use of the CASS. Table 2 gives the skin-friction coefficient f n (1) as a function of R for different order of approximations. Clearly we observe that the number of terms required to correctly estimate f n (1) increases with an increase in R. We note that for 0 < R < 1 just two or at the most three terms are sufficient for convergence and this classical result is not recorded in Table 2 for obvious reasons. The numerical values given in bold in Table 2 indicate the converged value of f n (1) obtained by RPT. For 0 < R < 9, it is found that f n (1) decreases (or increases) with increasing order of the approximation depending on the value of R. This implies that classical results with two or three terms either overestimate or underestimate the magnitude of skin-friction coefficient. Our numerical experiment reveals that a converged value can be obtained only for R < 9. The last column in Table 2 spells out the fact that the series solution (15) is divergent for R ∼ = 9 and this is true for all values of R greater than 9. The pressure distribution coefficient (C p ) is calculated for different values of R and the values are tabulated in Table 3 . From Table 3 , we observe that the effect of pressure distribution follows a similar behavior as that of skin-friction coefficient.
In the case of R < 9, convergence is obtained because the analysis of Van Dyke [18] suggests that the ROC lies in the complex plane for the series solution (15) and such a series converges and its region of validity is restricted by the appearance of singularity off the real axis. Using Domb-Sykes plot (see Domb and Sykes [26] ) the location of this singularity can be predicted.
Table 3
Pressure Distribution Coefficient (C p ) for Different Values of R Using RPT The Domb-Sykes plot of |F n (n)| 1/n versus 1/n is shown in Figure 2 , which yields the ROC to be R = R o ∼ = 9.0909 with an error of O (10 −5 ). This location of singularity is in conformity with the result of Table 2 . After having discussed the ROC of series solution (15) and extension of the same by Padé approximants, the result of the above experiment on the velocity profile is discussed in Figure 3 . From this figure it is clear that a Domb-Sykes plot, using the pressure coefficient, would yield identical results as that of the skin-friction coefficient, ensuring convergence. Figure 3 is a plot of radial velocity versus λ for different values of R, both positive (suction) and negative (injection) values. We observe from Figure 3 that the velocity profiles are acceptable only when R < ROC and this is in tune with the observation on skin friction made earlier. From this figure we also observe that suction and injection do not have identical effect on the velocity profile. This is because f 1 (λ), f 3 (λ), . . . (i.e., odd subscripted variables) are not zero. From Table 4 , we can see that the Padé solution can be obtained up to R = 200 with the help of a rational approximation. From the above analysis we conclude that the semi-analytical and semi-numerical or CESS technique can effectively be used for solving two-point boundary value problems arising in viscous flow problems having finite boundaries. Another advantage of the CESS is that the time taken for setting up the problem is more compared to the actual "throughput." Table 4 comprehensively summarizes the advantage of Padé-based CESS over Runge-Kutta-Gill methods and RPT solution using Mathematica software. This observation is also true of other methods of solution of two-point boundary value problems.
